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Abstract—Consider the problem of transmitting multiple video
streams to fulfill a constant bandwidth constraint. The available
bit budget needs to be distributed across the sequences in order
to meet some optimality criteria. For example, one might want to
minimize the average distortion or, alternatively, minimize the dis-
tortion variance, in order to keep almost constant quality among
the encoded sequences. By working in the -domain, we propose
a low-delay rate allocation scheme that, at each time instant, pro-
vides a closed form solution for either the aforementioned prob-
lems. We show that minimizing the distortion variance instead of
the average distortion leads, for each of the multiplexed sequences,
to a coding penalty less than 0.5 dB, in terms of average PSNR.
In addition, our analysis provides an explicit relationship between
model parameters and this loss. In order to smooth the distortion
also along time, we accommodate a shared encoder buffer to com-
pensate for rate fluctuations. Although the proposed scheme is gen-
eral, and it can be adopted for any video and image coding stan-
dard, we provide experimental evidence by transcoding bitstreams
encoded using the state-of-the-art H.264/AVC standard. The re-
sults of our simulations reveal that is it possible to achieve distor-
tion smoothing both in time and across the sequences, without sac-
rificing coding efficiency.

Index Terms—Rate control, statistical multiplexing, video
coding.

I. INTRODUCTION

VIDEO coding standards, including the state-of-the-art
H.264/AVC [1] codec, explicitly define only the bitstream

syntax that a compliant decoder can interpret. The encoder
is not subject to the standard, leaving the door open to the
investigation of nonnormative tools. Among the others, rate
control is an important module of the encoder that has received
a great deal of attention in the past literature (a recent survey
on this topic is given in [2]).

Rate control algorithms are responsible for optimally allo-
cating the available bit budget to the coding units (i.e., group of
pictures—GOP, pictures, macroblocks), in order to fulfill some
optimality criterion. The general objective of optimal rate con-
trol is to minimize the distortion under a rate constraint; this
goal can be further specified as minimum average distortion
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(MINAVE). In some cases, this criterion is not optimal from a
subjective point of view, because it introduces annoying quality
fluctuations in the encoded sequences. Therefore, an alterna-
tive goal might consist of minimizing the distortion variance
(MINVAR), aiming at (almost) constant quality [3], [4]. For the
case of a single sequence, the latter criterion aims at reducing
the distortion variations of the encoded sequence from frame to
frame, i.e., to smooth the video quality along time.

The rate control concepts developed for the case of a single
sequence can be extended to the multiple video object (MVO)
scenario, adopted by the MPEG-4 [5] framework. In this
context, the problem is typically formulated by using simple
quadratic models that relate the quantization step size to the
rate , and to the distortion . Vetro et al. [6] propose
a technique that achieves constant bit rate when encoding
multiple video objects. A heuristic rate allocation among the
video objects is obtained based on the relative size, motion
activity and prediction residual variance of the video objects.
Then, a quadratic rate-distortion model is used to find the quan-
tization parameters needed to fulfill the target bit rates. Buffer
control policies are used to drive frame skipping and avoid
buffer overflows. The design of the rate allocation algorithm
for MVO’s is cast into the optimization of a cost criterion
based on signal quality parameters in [7]. Three cost criteria
are proposed: weighted distortion (a weighted version of the
MINAVE problem), priority based (i.e., an ordered list of dis-
tortion targets for the VO’s needs to be specified), and constant
distortion ratios (a generalization of the constant distortion
problem, i.e., similar to MINVAR). More recently, [8] extends
the work in [6] by proposing a prediction and feedback control
to achieve accurate bit rate while handling buffer fullness. In
[9], the authors propose to perform the target bit allocation by
considering coding complexity both along the time and VOs. A
feedback based approach is described, which adapts the model
parameters on a frame-by-frame basis before encoding.

A specific instance of the MVO’s case is represented by the
joint encoding of frame-based sequences, i.e., the multiple video
sequences (MVS) scenario. In fact, in several applications, from
digital TV broadcast to video surveillance, there is the need of
transmittingsimultaneouslyseveralvideosequencesoveraband-
width-limited channel. In this scenario, at each time instant, the
available bandwidth has to be optimally distributed across the se-
quences. This problem has been addressed in the past literature,
and sometimes referred to as statistical multiplexing [10]–[12].
The term statistical multiplexing was originally coined to indi-
cate the joint transmission of previously encoded variable bit rate
video streams. Due to the diversity among the different video se-
quences, an approximately constant bit rate channel results from
multiplexing several sequences. Nevertheless, it has been shown
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[13] that equally partitioning the bit budget among the different
video sequences is suboptimal, and a minimum-distortion ap-
proach typically results in a bandwidth saving. Therefore, here
we adopt the meaning of statistical multiplexing given in [10],
i.e., rate allocation is explicitly performed at encoding time, and
the available bit budget is optimally distributed to the video se-
quences. As in the single sequence scenario, both MINAVE and
MINVAR distortion problems can be formulated. Most of the lit-
erature on statistical multiplexing refers to encoding of MPEG-2
video, due to the relevance of this standard in the broadcasting
application scenario. In [11] a rate allocation problem is formu-
lated in order to achieve the same quantization parameter for all
the sequences, while fulfilling the overall rate constraint. A sim-
ilar approach, which also includes buffer management issues, is
addressedin[10].Theproblemisformulated in the -domainand,
in addition, they make the implicit assumption that by keeping the
quantizationparameterequal,constantqualityisguaranteed.This
is in general not true, as it can be demonstrated by adopting more
accurate rate-distortion models. For example, in [14], a -do-
main model is proposed, where indicates the fraction of zero
coefficients in the transform domain, after quantization. It can be
shown that there is a very accurate linear relationship between the
numberofnonzerocoefficients and theallocated rate.Leveraging
the -domain rate-distortion model, in [15] an optimal rate-allo-
cation for MPEG-4 video objects is proposed, in the MINAVE
sense. Since this represents the starting point for our work, we
briefly summarize the main results of [15] in Section II. More re-
cently, the MVS scenario has been applied to the multiplexing of
H.264/AVC encoded video sequences. In [16], the authors pro-
pose a joint rate control for multiple H.264/AVC video encoders
that uses a look-ahead processing window to allocate the band-
width resources in order to reduce quality variations along time.
This is shown to result also in a quality smoothing among the dif-
ferentsequences.Similar resultsareobtainedin[17]byusingahi-
erarchical approach to allocate rate at a“super-frame” level, com-
posed by the frames of all sequences at a given time instant. Both
these works show that using a joint rate-control module to reduce
qualityfluctuationsalongtimeresultsalso inareductionofdistor-
tion variance among programs. However, this phenomenon is not
analyzed in detail, and the MINVAR problem between sequences
is not clearly addressed. A method analogous to the previous ones
that does not make use of a look-ahead window has been recently
presented in [18] for the case of multiple H.264/AVC video se-
quences: the frames of the different sequences at a given time
instant are grouped in a “multiframe” (MFRM), and a group of
multiframes constitutes a “multi-GOP” (MGOP). The authors
estimate the coding complexity of each frame using the -do-
main model; then they allocate the available bits in such a way
that thequalityfluctuationsbetweenadjacentMGOPsandamong
the frames inside the MGOPs are minimized. To overcome the
mismatch between the ideal -domain model and the actual dis-
tortions, the authors propose to use a feedback mechanism for
adjusting adaptively the frame level bit allocation. We compare
the results of the proposed method with the work in [18] in Sec-
tion V.

In this paper, we consider an application scenario that con-
sists of multiplexing and transcoding H.264/AVC encoded
video streams. Fig. 1 depicts the block diagram of the pro-

Fig. 1. Block diagram of the proposed transcoding/multiplexing architecture.

posed system architecture. During decoding, a limited number
of model parameters is extracted from each sequence and
collected by the joint rate control module. Based on these
parameters, the available rate is optimally allocated among
the sequences. Rate allocation is performed in the -domain,
with the goal of achieving constant quality among the different
sequences, according to the MINVAR criterion.

Our contribution is novel in the following aspects. First, we
formulate the MINVAR problem in the -domain. Since it is
not mathematically tractable, we convert the MINVAR problem
into an equivalent formulation, which admits a closed form so-
lution. Second, we thoroughly analyze the coding efficiency loss
suffered by the MINVAR solution with respect to the MINAVE
solution. We prove that the loss factor is bounded and we deter-
ministically relate this factor to a subset of the model parame-
ters. By describing the distribution of model parameters in sta-
tistical terms, we show that, for conventional video sequences,
the loss factor is typically less than 0.5 dB. In addition, to guar-
antee almost constant quality also along time, we introduce a
global video buffer that can compensate the variability of the al-
located bandwidth. The bitstreams produced in output are com-
pliant with the H.264/AVC hypothetical reference decoder [19].

We highlight the fact that the results presented in this paper
about the comparison between MINAVE and MINVAR prob-
lems are general, and their validity extends beyond the simple
transcoding scenario. In fact, the latter differs from a conven-
tional encoding scenario mainly because of the way model pa-
rameters can be estimated. Here, transcoding serves as a proof
of concept, which allows to validate the results of the proposed
analysis. Therefore, we adopt a simple explicit homogeneous
(i.e., from H.264/AVC to H.264/AVC) transcoding algorithm
that decodes the input sequence up to the pixel domain and
re-encodes it, re-using mode decisions and motion vectors, thus
avoiding drift. More sophisticated transcoding techniques, such
as those reviewed in [20], could be used to further reduce the
computational burden. Also, rate adaptation can be achieved by
means of scalable video coding, instead of transcoding. In [21],
MPEG-4 FGS is employed and quality smoothing is imposed
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by controlling the number of residual bit-planes not encoded in
the enhancement layer. An optimal bit allocation algorithm for
multiplexed scalable streams is proposed in [22]. The method
assumes the knowledge of the slope of the rate-distortion curve
at the admissible truncation points.

The rest of this paper is organized as follows. In Section II,
we briefly review the -domain model proposed in [14], and we
explain how to extract the parameters used in the subsequent op-
timization procedure from the video sequences. In Section III,
both the MINAVE and the MINVAR rate allocation criteria are
described. Exploiting a -domain rate-distortion model, we re-
formulate the classical MINVAR problem into a simpler one; we
thencompare theperformanceofMINAVEandMINVARcriteria
from a statistical point of view in Section III-C. In Section IV, we
consider the problem of temporal quality smoothing by adding a
global encoder buffer to the system. The theoretical results pre-
sented in Sections III and IV are experimentally validated in Sec-
tion V. Finally, Section VI draws some concluding remarks.

II. OVERVIEW OF THE -DOMAIN MODEL

In [14], it is shown that in any typical transform domain
system, there is always a linear relationship between the coding
bit rate and the percentage of zeros among the quantized
transform coefficients, denoted by , i.e.,

(1)

where is a constant parameter that depends on the source.
It is widely recognized in the literature that the distribution

of DCT coefficients of prediction residuals can be recognized
as Laplacian [23]. In [15], the exact expression of the distortion

as a function of is provided for the Laplacian distribution
and a mean square error (MSE) distortion metrics. Also, an ap-
proximation that is mathematically more tractable is given [15]

(2)

where and are the model parameters that can be com-
puted, as explained in [14], by fitting a Laplacian model to the
histogram of quantized DCT coefficients. The -domain rate
distortion model has been originally proposed and verified for
DCT-based image and video coding standards, including JPEG,
H.263 [24] and MPEG-4 [14]. More recently, the same model
has been successfully applied to H.264/AVC [25].

Here, we provide a brief summary of the estimation method
for the model parameters and . The estimation of is
straightforward. , i.e., the number of bits needed to encode
the prediction residuals, excluding mode decisions and motion
vectors bits, is obtained during decoding. At the same time, the
fraction of transform coefficients quantized to the zero bin is
computed, and .

As for , let be the histogram of the reconstructed and
scaled transform coefficients at the decoder after re-scaling, and

the Laplacian probability density function obtained by
fitting , i.e.,

(3)

As in [15], we set .

By inverting (2), can be written as

(4)

If the original frame were available, the computation of the only
missing term, , would be straightforward. In a transcoding
scenario, originals are not available, and an estimation of
needs to be obtained based on the quantization step size . The
H.264/AVC standard adopts a uniform quantizer with dead
zone. Let denote the dead zone and is a
non-negative constant that adjusts the width of the dead zone.
In H.264/AVC, for I slices and for P slices.
In [15], a closed form expression for the distortion is explicitly
derived

(5)

where . The value obtained using (5) can be
inserted in (4) to obtain the estimate of .

III. RATE ALLOCATION

In this section, we formulate the rate allocation problem
among the multiplexed sequences. In order to enable a
low-delay implementation of the proposed scheme, rate al-
location is performed independently at each time instant .
Therefore, the proposed model does not explicitly address the
interframe dependencies introduced by the prediction loop.
More sophisticated techniques such as those indicated in [26]
could be adopted, at the cost of a significant increase in compu-
tational complexity, which grows with the length of the group of
pictures. In fact, the complexity of the optimization algorithm in
[26] is dominated by the data collection phase, which requires
the computation of the Lagrangian costs associated with any
pair of quantizers for two dependent frames. Conversely, the
computational complexity of the proposed approach is much
lower, yet the goal of minimizing intersequence variance is
achieved, as supported by experimental evidence in Section V.
This can be explained by observing that, in the MINVAR
scenario, the reference frames of the multiplexed sequences
have comparable distortion levels, thus justifying the adopted
simplification.

Let denote the total available bit budget at time . In this
section, we consider a strictly constant bit rate (CBR) channel;
therefore, . Let denote
the rate allocated to each of the sequences. In the following,
we consider two distinct optimization problems: MINAVE
(minimum average distortion) and MINVAR (minimum vari-
ance distortion).

A. MINAVE—Minimum Average Distortion

In order to find the optimal rate allocation that minimizes the
average distortion of the output, we need to solve the following
nonlinear constrained optimization problem:

(6)
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Using (2), the minimization problem (6) becomes

(7)

This problem can be solved with the Lagrange multipliers
method, and we obtain the optimum number of bits for each
sequence

(8)

where . This formulation has already been addressed
in the past in [15], for the problem of optimally allocating the
rate among multiple video objects in MPEG-4.

B. MINVAR—Minimum Variance Distortion

The solution of the problem presented in the previous section
minimizes the average distortion, but it does not guarantee that
the distortion of the individual sequences is the same. In many
applications, the goal is to achieve equal quality instead. This is
described by the following optimization problem, expressed in
the -domain

(9)

where . This problem is difficult to
solve in closed form, since depends on the whole set of dis-
tortion values of each sequence. To overcome this limitation,
in [27], we have shown that it is possible to reformulate problem
(9) into an equivalent one, in order to achieve equal distortion for
all the sequences. We evaluate in Section III-C the “goodness”
of the obtained distortion value against the MINAVE solution.

Let be
the sequence of distortions found by solving the minimization
problems , respectively, where the problem

is described as

(10)

In this problem, the distortion terms are decoupled from the dis-
tortions of the other sequences; therefore, we can easily solve
(10) using Lagrange multipliers method and find

(11)

The following property holds (refer to Appendix I for the
proof).

Property 1: The sequence of distortion variances,
, converges to 0 as .

Property 1 states that, by solving for , the solution
is such that , where

(12)

as derived in Appendix I, thus achieving minimum variance,
which is the goal of (9). The set of rates that produce the dis-
tortion of (12) can be easily found by computing the limit, for

, of the rates (11)

(13)

This result allows us to find a closed form solution of the
MINVAR problem for the allocation of target bit rates so
that all the video programs have the same distortion level .

The equivalence between solving problems (10) as
and the solution of (9) needs further considerations. Since the
variance is always greater than or equal to zero, and
converges to zero, clearly the rates of (13) correspond to a point
of global minimum for the variance minimization problem, as
written in (9). The question now is whether or not there exist
other solutions besides (13) that minimize (9).

We start by considering that, if a solution exists, in order to
be a global minimum it should satisfy

(14)

where is the average distortion that may be different from .
The distortion-rate function , parameterized in the -do-
main, may be rewritten explicitly as

(15)

from which it is easy to write the inverse relationship

(16)

Using (16), (14) becomes an undetermined system of equa-
tions in the unknown

...

which can be conveniently written in vector form as

(17)
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Fig. 2. Geometrical interpretation of (9) and (10) for the case of two sequences
(S = 2). The shaded area encloses the feasible solutions and is limited by the
constraint (19). The bold line is the locus of equal distortion solutions, given by
(17). Solving our MINVAR problem (10) is equivalent to solve the minimum
variance problem (9) with the equality constraint.

where

...
... and ...

(18)

Equation (17) says that there are infinite solutions to the min-
imum variance problem (9). In fact, when is varied in the
interval , (17) spans a 1-D subspace (i.e., a line) in
(since is a monotonic mapping of ), as illustrated in
Fig. 2, for . We show now that the solution of (10) when

, which lies on this line, is the set of rates that pro-
duces the least average distortion among all the possible solu-
tions of (9). In fact, since the -domain parameters are all
positive, as the average distortion decreases towards zero, the
rates grow indefinitely in the direction of , which is a vector
pointing outwards the half-space of defined by the constraint

(19)

Clearly, (19) with the equality sign is the boundary of that re-
gion: we can move from a point inside the region towards the
boundary along the iso-distortion line (17) by reducing the value
of . It turns out that the only point at which the line inter-
sects the boundary corresponds to the minimum feasible distor-
tion , which is given by the set of rates that fulfill (19) with
equality. We show in the proof of Property 1 that is the av-
erage distortion obtained by solving the convex problem (10)
using the Lagrange multipliers method, i.e., with the equality in
(19). Thus, we can conclude that , i.e., the MINVAR
solution is, among all possible solutions of (9), the one with the
least distortion or, equivalently, the one which solves (9) with
the equality constraint. Fig. 2 provides a geometrical interpreta-
tion of this fact, when .

Using this geometric argument, one could obtain easily the
value of , by imposing the equality constrain in (19)

(20)

Fig. 3. MSE distortion surface versus rate allocation for three video sequences,
when the total available bit budget is 1.2 bpp. The smaller points are the trajec-
tory of the sequence 1=3 �

~D , for n = 2 . . . 30.

which gives as solution

(21)

that can be recognized to be exactly the same expression in (45).
However, our formulation with gives more insight into the
problem, since it allows to find solutions that are in-between
the MINAVE distortion and the MINVAR distortion . To
exemplify this fact, in Fig. 3, we show the MINAVE distortion,
which is the special case of when , and the MINVAR
distortion, obtained for , when the total rate budget
is bpp, for three multiplexed video sequences. The
small dots represent the solutions for . Sweeping
all possible values of one can achieve all possible
tradeoffs between and .

C. MINAVE Versus MINVAR Comparison

In this section, we investigate the coding efficiency loss in-
curred by solving the MINVAR problem instead of the MI-
NAVE problem. We demonstrate that while seeking minimum
variance, the average distortion level is increased.

Let denote the average distortion level attained by solving
the MINAVE problem (6), while is the (equal) distortion level
attained by solving the MINVAR problem, as defined in (12).
In addition, let , be the
normalized values of and the en-
tropy function of a discrete memoryless source having the set

as the probability mass function of its sym-
bols. Based on these definitions, in Appendix II, we prove the
following property.

Property 2: The coding efficiency loss between the
MINVAR rate allocation and the MINAVE solution is

(22)

Property 2 states that the increase in distortion attained when
solving the MINVAR problem can be quantified exactly as a
function of the model parameters , from
which the values of are immediately computed.
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From information theory, we know that

(23)

Therefore, we obtain the following bounds as a corollary of
Property 2:

(24)

We can take advantage of the result in (22) in two different ways.
• Given the model parameters and , the value of (22)

can be deterministically computed. Therefore, at each time
instant, before solving any rate allocation problem, the
coding efficiency loss due to the MINVAR problem can
be determined. If such a loss is large, one can temporarily
switch to the MINAVE problem.

• Characterizing the distribution of model parameters, it is
possible to derive the average loss incurred by the MINVAR
probleminstatistical terms.This isfurther investigatedinthe
following, where we show that a lower bound tighter than
the one presented in (24) typically holds, for the problem of
multiplexing real video sequences.

We are ultimately interested in estimating a lower bound for the
following quantity:

(25)

where denotes the expectation with respect to the statistical
distribution of the model parameters. By the Jensen’s inequality,
we can write

(26)

In order to find , we need to define an appropriate statis-
tical model describing the distribution of ; the distribution of
can then be found accordingly to the model of . Given the actual
parameter values estimated by decoding several H.264/AVC bit-
streams, we found that (see
Fig. 4)

(27)

where is the shape parameter and is the inverse of the scale
parameter, whereas denotes the gamma function.

It can be shown [29] that, if , then

(28)

where denotes the multi-
variate Dirichlet distribution, which is defined as

(29)

Fig. 4. Gamma fitting of the histograms of �. (a) Foreman. (b) Hall Monitor.

where , and . The normalizing con-
stant is the multinomial beta function, which can be expressed
in terms of the gamma function

(30)

We notice that the Dirichlet distribution is defined over the -di-
mensional simplex given by the constraints ,

. Fig. 5 illustrates the Dirichlet probability density function in
for different parameter vectors.

We can exploit the knowledge about the probability distri-
bution of the parameters to find the bound (26). After some
laborious calculations (see Appendix III), one finds that the ex-
pected entropy is

(31)

where , and is the digamma function
.

If we observe a long temporal interval and we do not make
prior assumptions about the distribution of the individual mul-
tiplexed sequences, we can assume that s, are
i.i.d., i.e., . Fig. 6 shows the fitting of the
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Fig. 5. Probability density of the Dirichlet distribution when S = 3. (a) a =
a = a = 2. (b) a = a = a = 4. (c) a = a = a = 10. (d) a =
6; a = 4; a = 2‘.

Fig. 6. Gamma fitting of the histograms of �, obtained by concatenating
Foreman, Hall Monitor, Soccer, Coastguard, and Mobile sequences.

gamma probability density function on the histogram of ’s col-
lected by concatenating the sequences Foreman, Hall Monitor,
Soccer, Coastguard, and Mobile. We notice that, for real video
sequences, the shape parameter is typically larger than 3–4.
When all the are the same , (31) becomes

(32)

This corresponds to the expected entropy of a Dirichlet distribu-
tion having its mean value at the barycenter of the simplex. The
parameter controls the peakedness of the distribution about
the mean: higher values of result in sharper peaks about the
mean, i.e., the variance of the distributions decrease as grows,
as illustrated in Fig. 5.

The result in (26) allows us to impose a much tighter bound
than the one shown in (24), once the value of is known. Fig. 7
illustrates the bounds obtained for different values of . We also
show the values of computed
by means of Montecarlo simulations, by sampling the Dirichlet
distribution. We notice that, for a fixed value of , the coding
efficiency gap between and increases with the number of

Fig. 7. Coding efficiency loss as a function of the number of multiplexed se-
quences. Thick lines represent the lower bound in (26) for different values of a.
Thin lines are the result of Montecarlo simulations for E[D = ~D] obtained by
sampling the Dirichlet distrubution.

multiplexed sequences . In addition, for value of typically
encountered in practice, i.e., , the coding efficiency loss
is smaller than 0.5 dB, even for . This result suggests
that, for the problem at hand, solving the MINVAR problem
achieves the goal of minimum variance, without compromising
the overall coding efficiency.

In order to validate the aforementioned results, we estimated
the parameters of the -domain model as explained in Section II
for 300 frames of the following test sequences: Hall Monitor,
Foreman, and Soccer, all at CIF spatial resolution (352 288
pixels). All the sequences are first encoded at a fixed
using H.264/AVC. The first frame is intracoded (I slices) and the
remaining frames are all interframe coded (P slices). Fig. 8(a)
shows the frame-by-frame rate allocation computed solving the
MINAVE problem when the bit budget for each sequence is set
to bpp (i.e., [bpp number of sequences]).
We notice that, at each time instant, the distortion level of the in-
dividual sequences, as predicted by the exponential R-D model
(2), can be significantly different from each other, with a gap
as large as 6 dB. Fig. 8(b) shows the rate allocation computed
solving the MINVAR problem. Using these rates as input for the
R-D model, we notice that all sequences attain exactly the same
distortion level. It is instructive to compare the average distor-
tion curves of Fig. 8(a) and (b). Fig. 9 shows expressed
in decibels. We notice that the maximum loss is equal to
dB while the average loss is equal to dB.

In Section V, we will repeat this experiment, using the rates
shown in Fig. 8(a) and (b) in a real transcoding scenario. In-
stead of the distortions given as the solution of problem (6) and
(10), we will show the actual PSNR tracks for each sequence
when the set of rates and are imposed at transcoding:
we anticipate that the quality variations among sequences in
the MINVAR case, although not null, are significantly reduced
w.r.t. the MINAVE optimization.

IV. TEMPORAL SMOOTHING

In the previous section, we considered a strictly constant bit
rate (CBR) optimization, i.e., , either in the MI-
NAVE or MINVAR sense. However, this can produce distor-
tion profiles with large fluctuations along time [see Fig. 8(a) and
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Fig. 8. Distortion and rate profiles using MINAVE and MINVAR rate alloca-
tion for three video sequences. The rates for each sequence are obtained from
(13), using the �-domain model parameters extracted from each video frame.
The bold constant line in the rate plots shows that the CBR constraint is satisfied.
The expected distortion profile for each sequence is then computed according
to the exponential model (2). (a) MINAVE. (b) MINVAR.

Fig. 9. Quality loss, expressed in decibels, between the optimal MINVAR and
the MINAVE bit allocation strategies.

(b)]. To obtain a visually pleasing video presentation, not only
does each video frame of each sequence need to be encoded at
the optimal quality level, but also the frame-to-frame percep-
tual quality changes need to be smooth enough so that temporal
artifacts are minimized. Note that this task conflicts with the
CBR channel requirements, since smooth quality change from
frame to frame gives rise to large bit rate fluctuations, which
inexorably infringe the total rate constraint. In order to intro-
duce quality smoothing, we need, therefore, to add an encoder

buffer into the system. In this paper we describe the case of a
global encoder buffer, which should be placed on the right of the
H.264/AVC encoders in Fig. 1. In the following, we describe the
temporal smoothing algorithm adopted in this paper, and we will
refer to the resulting rate allocation as S-MINVAR (smoothed
MINVAR).

In [30], it is proved that using a geometric averaging filter,
it is possible to smooth the optimal minimum distortion profile
while achieving, on average, the target bit rate. Let be the
distortion at frame computed as the solution of the MINVAR
problem under a constant bit rate (CBR) , as ex-
plained in Section III. We define the smoothed target distortion
at time as

(33)

where is the length of the averaging window (e.g.,
frames). Therefore, to maintain a temporally-smooth average
distortion, we need:

1) to compute the CBR distortion profile;
2) to smooth it using (33);
3) to set as target distortion and find the rates

which meet in a MINVAR sense, for
each frame .

Quality smoothing requires, therefore, that we relax or tighten
the rate constraint according to the current buffer level. Let

be the size of the buffer expressed in bits; is the
desired buffer level; denotes the buffer fullness at time ;
finally, let be the channel rate, i.e., the rate at which the buffer
is drained. The buffer state evolves according to the difference
equation

(34)

where is the number of pixels in a frame. The key idea of
the smoothing algorithm is to relax the rate constraint when the
buffer level is under the target , so that the smoothed distor-
tion profile can be tracked by the rate control algorithm. If the
buffer fills up over the desired level , then the rate constraint
is re-enabled in such a way that the buffer level is reset to the
desired target.

In the following, in order to compare the temporally
smoothed solution with the solution of the MINAVE and
MINVAR problems illustrated in Section III, we set .

A. Unconstrained Smoothed Distortion Tracking

If the buffer level is lower than , we relax the rate
constraint and allocate the bit budget according to the following
unconstrained minimization problem:

(35)

The rates for each sequence are then

(36)
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Fig. 10. Smoothed MINVAR rate allocation. (a) S-MINVAR. (b) Buffer full-
ness.

B. Constrained Smoothed Distortion Tracking

When the number of bits in the buffer exceeds , the target
bit rate of the CBR distortion profile is reduced to prevent
buffer overflow. Let ; if , the encoder
needs to reduce the output bits by within the next frames
(e.g., can be set to , as suggested in [30]). Therefore,
the new CBR target becomes

(37)

The value of distortion is smoothed with (33), and
the target distortion is used to find the rates for
each sequence with (36). The result of quality smoothing on the
three CIF video sequences Foreman, Hall monitor and Soccer is
shown in Fig. 10(a). Note that, on average, the total bit rate for
the three sequences is equal to the bit rate of the CBR problem
(in this example, bpp). Fig. 10(b) shows the buffer fullness
level at each time instant. is set to be 1s of delay, corre-
sponding to 30 frames, and e.g., . Initially, the
buffer level is set to 0.

V. EXPERIMENTAL RESULTS

In the following, we apply the MINAVE, MINVAR and
S-MINVAR rate allocation algorithms illustrated in Sec-
tions III and IV to the problem of transcoding and multiplexing
H.264/AVC encoded sequences.

The test sequences are at CIF spatial resolution (352 288
pixels) and 30 frames/s. The input bitstreams are produced by
encoding each sequence at a fixed using H.264/AVC,
baseline profile. In the transcoding module, model parameters

are estimated as explained in Section II, and rate alloca-
tion is performed solving either the MINAVE, MINVAR or
S-MINVAR problem. At each time instant, a modified total
rate constraint is imposed,
where denotes the number of header bits. In fact the
transcoder does not perform rate-distortion optimization, but it
inherits mode decisions and motion vectors from the incoming
bit stream. The transcoder simply adjusts the quantization
parameter, at the macroblock level, in order to attain the desired
bit budget . The rate control algorithm
proposed in [25] is used for this purpose. Although this is not
optimal in a rate-distortion sense, it enables fast transcoding
of multiple video streams, making this approach suitable for
real-time low-delay implementations.

Before detailing the results of the experiments, we introduce
a few metrics that will be used to assess the goodness of the rate
allocation schemes.

• MINVAR coding efficiency loss w.r.t. MINAVE rate allo-
cation

(38)

• S-MINVAR coding efficiency loss w.r.t. MINAVE rate al-
location

(39)

• MINAVE variance

(40)

• MINVAR variance

(41)

• S-MINVAR variance

(42)

denotes the sample variance across the sequences.
Fig. 11 shows the PSNR tracks obtained using the same set-

tings used for the simulations in Section III. Three sequences
(Foreman, Hall Monitor, and Soccer) characterized by different
motion characteristics are multiplexed and transcoded. In order
to match the same test conditions of Section III-C, the bit budget
for each sequence is set to 1/3 bpp, i.e., the bit budget is

[bpp number of sequences]. The overall channel
bit rate can be computed as bps (bits/s), using
CIF resolution sequences at a frame rate of 30 frames/s. The first
frame is intracoded, while the remaining frames are intercoded.
By applying the rate allocation determined as the solution of
the MINAVE problem [see Fig. 8(a)], we notice large quality
variability both across the sequences and
along time. The intersequence variance is significantly reduced
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Fig. 11. MINAVE versus MINVAR versus S-MINVAR optimization applied
to the transcoding of 3 H.264/AVC coded video sequences. (a) MINAVE.
(b) MINVAR. (c) S-MINVAR.

by enforcing the solution of the MINVAR problem, as shown
in Fig. 11(b) , at the price of a small coding
efficiency loss ( dB on average). The
S-MINVAR rate allocation is illustrated in Fig. 11(c), using a
buffer size of 1 s. Besides preserving the smoothness across the
multiplexed sequences , temporal fluc-
tuations are significantly reduced, producing a more visually
pleasing result. The coding efficiency loss
with respect to the MINAVE scenario is dB.

We have compared these results with the joint rate allocation
algorithm proposed in [18], denoted hereafter as the MVS (mul-
tivideo sequence) algorithm. This technique uses a hierarchical
approach to allocate bits to “multiframes” (MFRMs), i.e., the
set of frames of different video sequences at a given time
instant, and to “multi-GOPs,” i.e., groups of multiframes. The
bit budget is then partitioned inside MFRMs according to the
coding complexity of each sequence, which is given by the es-
timated -domain parameters. To reduce the mismatch between
the ideal model and the actual H.264/AVC video sequences dis-
tortions, the MVS algorithm introduces a feedback mechanism
that allows to yield both intersequence and temporal quality
smoothing. Evaluation metrics and can
be defined in a similar manner as in (38)–(42). Table I shows
the results of the MINAVE, MINVAR, S-MINVAR and MVS
techniques, obtained by mixing different sequences together, at

a rate equal to bpp respectively. We notice that the largest
coding efficiency loss incurred by the MINVAR solution is

dB. Also the S-MINVAR solution is characterized by
a coding efficiency loss of the same order of magnitude. The
MVS algorithm, instead, can achieve in some cases a better
distortion than the MINAVE solution: this is due to the fact that
the MVS method estimates the model parameters re-encoding
each frame, while in the cases of MINAVE and MINVAR,
the -domain parameters are given by the previously encoded
sequences that are passed as input to the transcoder. Therefore,
while this last approach is computationally simpler, it gives
a suboptimal estimate w.r.t. MVS, especially when the gap
between the input rate and the target output rate is significant.
In terms of intersequence distortion variability, both MINVAR
and S-MINVAR consistently outperform MINAVE. For all the
combinations of sequences, the distortion variance produced by
MINVAR and S-MINVAR is less than the variability obtained
using MVS. Table II shows similar results, but at a larger rate,
equal to bpp. We notice that increasing the bit budget the
intersequence distortion variability is significantly reduced.
Also, the gain of the MVS approach in terms of average
distortion is quite negligible, while the distortion variance of
MINVAR and S-MINVAR is always less than the one obtained
with MVS. This is due to the fact that the model parameters are
extracted from sequences encoded at , resulting in a
bit rate typically larger than bpp. For this reason, the
and models do not fit equally well over a large range of
bit rates, but they tend to be more accurate in the neighborhood
of the input sequence bit rate.

Fig. 12 shows the PSNR tracks resulting from the proposed
rate allocation algorithms, when one frame every 30 frames
is intracoded. In the MINAVE and MINVAR scenarios, the
CBR constraints imposes large quality fluctuations, resulting
in large dips when intracoded frames occur. Conversely, in the
S-MINVAR scenario temporal smoothing is achieved, thanks
to encoder buffer that can tolerate rate variability.

VI. CONCLUSION

In this paper, we have considered the problem of allocating
the available bit rate among different video sequences, in such
a way that the quality variance among sequences at each time
instant is minimized. Our contribution is novel in two aspects.
First, we have provided a closed-form (and, hence, efficient) so-
lution to the MINVAR problem, using an exponential rate-dis-
tortion model in the -domain. Second, we have carried out an
extensive comparison between the average quality attained by
the MINVAR rate allocation and the MINAVE average distor-
tion. We have found that the coding efficiency loss depends only
on a small number of parameters which can be easily extracted
from each video sequence. By characterizing these parameters
in terms of the Dirichlet distribution, we have shown that, on
average, the coding efficiency loss incurred by MINVAR allo-
cation w.r.t. MINAVE is on the order of a fraction of dB, using
a PSNR distortion metrics. Since in most systems one wants
to reduce not only intersequence variance, but also frame-to-
frame quality fluctuations, we have introduced a global encoder
buffer to obtain temporal quality smoothing. The two goals are
achieved by using classical buffer control techniques together
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TABLE I
MINAVE VERSUS MINVAR VERSUS S-MINVAR. THE AVERAGE RATE FOR EACH SEQUENCE

IS 1=3 BPP. F = Foreman;H = Hall Monitor;S = Soccer;C = Coastguard

TABLE II
MINAVE VERSUS MINVAR VERSUS S-MINVAR. THE AVERAGE RATE FOR EACH SEQUENCE

IS 1=2 BPP. F = Foreman;H = Hall Monitor;S = Soccer;C = Coastguard

with our MINVAR rate allocation algorithm. As a proof of con-
cept, we have applied the MINVAR and the S-MINVAR algo-
rithms to the case of multiplexed transcoded video sequences.
Experimental results with different H.264/AVC video sequences
validate the theoretical results.

APPENDIX I
PROOF OF PROPERTY 1

We have to prove that the sequence converges to
0 as . The constrained minimization problem (10)
can be turned into an unconstrained one using the method of
Lagrange multipliers

(43)

which is minimized by the optimal rates shown in (13). Inserting
(13) into the R-D model (2) gives the following mix of distor-
tions

(44)

The sequence of the is a function of , so we can take the
limit as goes to infinity and get

(45)

which is independent from the index . Therefore, the sequence
of average distortions is

(46)

and the sequence of variances

(47)

converges to 0 as .

APPENDIX II
PROOF OF PROPERTY 2

We have to show that

(48)

The value of has already been determined in (45). In order
to find , we seek for the solution of the MINAVE problem
(6) or, equivalently, the solution of in (10). Since the average
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Fig. 12. MINAVE versus MINVAR versus S-MINVAR optimization applied to
the transcoding of 3 H.264/AVC coded video sequences. One every 30 frames
is intracoded. In the S-MINVAR case, a 1-s buffer has been used. (a) MINAVE.
(b) MINVAR. (c) S-MINVAR.

distortion function with the exponential model (2) is a sum of
convex functions (thus, it is convex too), there exists only one
global minimum, , which can be found setting in (44)

(49)

To evaluate the performance of the minimum variance distor-
tion, we analyze the ratio

(50)

where

(51)

Let , be the normalized values of

and the entropy function of a discrete
memoryless source having the set , as the proba-

bility mass function of its symbols. The expression of can
be rewritten in a more compact form

(52)

from which (48) follows.

APPENDIX III
DERIVATION OF THE ENTROPY EXPECTATION

To simplify calculations, we first apply a nonlinear coordinate
transformation . In such a way, the parameters are
mapped from the unit simplex to the first hyperoctant of the unit
hypersphere (which is commonly referred to as
Bhattacharyya’s statistical space [31]). We can express the s
with the polar coordinates , with and

(53)

...
...

(54)

The expected entropy is obtained by taking the ex-
pectation of the entropy function over the -dimensional Bhat-
tacharyya hyperoctant surface

(55)

where is a short-hand notation for and
is a probability density function over the

Bhattacharyya space. The infinitesimal surface area is
given by [31], [32]

(56)

The relation between defined
over the Bhattacharyya space, and a generic distribution
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defined over the -dimensional simplex is
given in [31]

(57)

In the case of , we get

(58)

where we have used the definition of Dirichlet distribution (29)
in (57), and the nonlinear change of variables . We add
a normalizing constant to obtain unit area on the hyperoc-
tant. The expected entropy in (55) then becomes

(59)

which can be solved in closed form, as illustrated in the fol-
lowing.

Because of the -fold symmetry of the integration space, we
can exchange the positions of the variables in (59) so that
only one type of integral has to be solved. Let

denote the th transposition of the parameter vector
, which is obtained by swapping element

with the last element . There are possible transpositions
of

...
...

Using -fold symmetry, (59) becomes

(60)

where the notation denotes the sum over all the trans-
positions of the vector of parameters . Therefore, we can solve

integrals of the form

(61)

where we have used to denote the th element of .
Using the spherical coordinate system (53), we observe that

(62)

and, thus, (61) becomes

(63)

This expression can be rewritten in a more compact form

(64)

where and are defined as follows:

(65)

(66)
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and is the digamma function. Putting the previous results into
(64) and recalling the definition of the beta function (30) and the
identity , one obtains

(67)

where . By virtue of the -fold symmetry of (60),
we can combine the ’s to obtain the overall expected entropy

(68)

from which (31) follows.
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